FULL SIGNATURE INVARIANTS FOR L (F(t)) 

STEFAN FRIEDL 

Abstract. Let F/Q be a number field closed under complex conjugation. Denote 
by Lo(F(t)) the Witt group of hermitian forms over F(t). We find full invariants 
for detecting non-zero elements in Lo(F(i)) <g> Q, this group plays an important role 
in topology in the work done by Casson and Gordon. 



1. L-GROUPS AND SIGNATURES 

Let R be a ring with (possibly trivial) involution. An e-hermitian (e = ±1) form is 
a sesquilinear map 9 : V x V — > R over a finitely generated free -R-module with the 
properties that 9(ra, b) = f9(a, b), 9(a, rb) = 9(a, b)r and 9(a, b) = eO(b, a) for all a, b e 
V,r 6 R. It is called non-singular if the map V — > Hom(V, R),a i— > (b i— > 9(b,a)) is 
an isomorphism. We denote by Lq(R, e), e = ±1, the Witt group of e-hermitian non- 
singular forms (cf. |L93j and [EMj). More precisely denote by M the groupoid under 
direct sum of e-hermitian non-singular forms. Let ~ be the equivalence relation 
generated by setting any form (V, 9) to zero which has a submodule of half-rank on 
which 9 vanishes. Then define L (R,e) := Mj ~, this is a group (cf. 1L93] ) under 
the direct sum operation. We'll abbreviate Lq(R) for L (R, +1). 

Let F C C be a subfield, closed under complex conjugation. We will always equip 
the rings F[t, F(t) with the involution given by the complex involution on F and 
i := r 1 . For r = [(V, 9)} G L (F, e) we define 

sign(r) := dim(V + ) — dim(V r_ ) 

where V + (resp. V - ) denotes the maximal positive (resp. negative) subspace of \fe9. 
This number is independent of the choice of representative (V, 9). 

If F C C is a subfield such that all positive elements are squares, then by Sylvester's 
theorem 

sign : L (F,e) -> Z 

i-> sign(V,^) 

is an isomorphism. In particular L (C, ±1) = L (Q, ±1) = Z via the signature map, 
where we denote by Q C C the algebraic closure of Q. Since we are interested in 
studying to which degree signatures determine forms we'll work in this paper with 
Lo(R,e) := Lo(R,e) ® Q, i.e. we ignore the torsion part of L (R,e). Note that the 
above maps extend to an isomorphism sign : L (F, e) <8> Q — > Q. 
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Let F be a Galois extension of Q with a (possibly trivial) involution. Denote 
by G(F) the set of all Q-linear embeddings F — > Q preserving the involution. For 
p G G(F) denote the induced maps L (F, e) -> L (Q, e), L (F(t), e) -> L (Q(t), e), . . . 
by p as well. Denote by Gq(F) C any subset such that for each p G there 

exists precisely one p G G (F) with p = p or p = p. 

Let r = [(V, #)] ® | G L (Q(t),e). If z G S* 1 is transcendental then we consider C 
as a Q(t) module via f(t) ■ w := f(z)w. Denote the pairing 

(/l(t)®W 2 (t)®*2) -> 2l0(/l(t),/2(t))|t=z22 

by as well. Then r(z) := [(V ®Q( t ) C, #)] (8) - G L (C, e) is well-defined, i.e. inde- 
pendent of the choice of (V, 6). 

The goal of this paper is to prove the following theorem. 

Theorem 1.1. Let F be a Galois extension of Q, then for r G L (F(t),e) we get 

r = 0GL (F(t),e) 
<^ sign(p(r)(z)) = for all p G Gq(F) and all transcendental z G S 1 . 

This result was stated by Litherland [L84, p. 358], but there is no proof in the 
literature. 

Acknowledgment. I would like to thank Jerry Levine and Andrew Ranicki for 
helpful discussions. 

2. Topological motivation 

The motivation for studying Lo(F(t)) comes from knot theory. A knot K C S n+2 
is a smooth submanifold homeomorphic to S n . A knot is called slice if it bounds a 
smooth (n + l)-disk in D n+3 . For even dimensions Kervaire |K65j showed that all 
knots are slice and Levine |L69j showed that in the case n > 1 a knot is slice if and 
only if it is algebraically slice, i.e. if its Seifert form is metabolic. 

The case n = 1 turned out to be much harder. A significant breakthrough was made 
by Casson and Gordon [CG86 who found examples of knots that are algebraically 
slice but not geometrically slice. They used a sliceness obstruction which lies in 
Lo(F(t)) where F/Q is a number field. We give a quick exposition of their results. 

Let K C 5* 3 be an oriented knot. Denote by Mk the result of zero framed surgery 
along K. There exists a canonical isomorphism e : H\{Mk) — > Z. Let k be some 
prime power, denote by the fc-fold cover corresponding to Hi(Mk) — ► Z — > 'L/k. 
Denote by THi(Mk) the Z-torsion part of Hx(M).). 

Let x ■ Hx{M k ) -> THi(Mk) -> S 1 be a character of orde r m. Set F := Q(e 2ni / m ). 
Since ^3(Z x Z/m) = H 3 (Z x Z/m) is torsion (cf. |CF64j ) there exists (V fc 4 ,e x x) 
and some r G N such that d(V k , e x x ) = r{M kl ex x )- Let a : Z x -> Aut(F(t)) 
be the map given by a(n, z)(f(t)) := t n zf(t). Casson and Gordon showed that the 
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F(£)-valued pairing on H2°^ xx \Vk, F(t)) is non-singular and therefore defines an 
element £(14) G L (F(t)). Denote by £o(14) the image of the ordinary intersection 
pairing on H 2 (Vk) under the canonical map L (Z) — > L (F(t)). 

Theorem 2.1. CG86 Let K be a knot, k,m prime powers and x '■ Hi(Lk) S 1 a 
character of order m. 

(1) 

r(K, X ) := (£(14) - to(V k )) ® J G L (F x (t)) 

is a well-defined invariant of (M k , e x x), «-e. independent of the choice ofV k - 

(2) H 1 (M k ) = Z®TH 1 (M k ). 

(3) If furthermore K is slice then there exists a subgroup Q C THi(M k ) with 
\Q\ 2 = \TH\(M k )\ such that for any x '■ THi(M k ) — > S l of order m vanishing 
on Q we get r(K, x) — 0. 

In |F03j the author shows that theorem l2.1l can be completely reformulated in terms 
of eta invariants. This proof relies in particular on the fact that elements in L (F(t)) 
can be detected by signature invariants, i.e. the proof relies on theorem ll.il 

3. Proof of the main theorem 

3.1. The groups L (F),L (F(t)). We quote a result from Ranicki [RM p. 493]. 

Proposition 3.1. The following map is an isomorphism 

Lo(F) - @ peGo{F) L (Q) 
t <g) r i ^ (p(r) ® r) peGo{F) 

Consider the case where F := Q[£] /<?(£), q(t) irreducible and q(t) = uq(t~ l ) for some 
unit u G Q[£ _1 ,£]. Then there's an involution given by £ = £ _1 , which is non-trivial 
if q(t) ^ £ — 1, £ + 1. In this case the set G(F) corresponds canonically to the set of 
all roots of q{t) lying in S 1 and G (F) corresponds to all roots z G S 1 of q(t) with 
Im(^) > 0. 

The goal of this section is to prove the following theorem. 

Theorem 3.2. Let F be a Galois extension of Q, then for r G Lo(F(t),e) we get 

r = G L (F(£), e) ^ p(r) = G L (Q(t), e) /or a// p G G (F) 

To simplify the notation we'll only prove the case e = 1. We need some definitions 
and results from |R98t ch. 39C]. 

Definition. Let F be a field with a possibly trivial involution. Then define LAut® ib (F, e) 
to be the Witt group of triples (V, 9, f) where V is a vector space over F, 9 an e- 
hermitian form on V and / an isometry of (V, 9) such that (/ — 1) is an automorphism 
as well. Let LAut° ftb (F, e) := LAut° ftb (F, e) ® Q. 
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Proposition 3.3. [R9B1 p. 533] Let F be a field with (possibly trivial) involution. 

(1) There exists a split exact sequence 

0^ L (F[t,t- l ],e) ->Lo(F(t),e) ^ LAut° fib (F, -e) ^0 

(2) Denote by VJl(F) the set of irreducible monic polynomials pif) in F[t] with the 
added property that p{t) = up(t) for some unit u G F\t,t~ l ] and Wl (F) : = 
Tt(F) \ - 1}. Forp(t) G Wf{F) define 

r m : LAut% b (F,e) - L (F\t,r l ]/p(t),e) 

(V,9J)®r -> (Ker{p(f) : V -»• V},0) Or 

where 9(a, b) = X^=o ^( a ' bt 1 )^ 1 and t acts by f . Then 

J] r p(t) :LAntJ l6 (F,e)^ L (F[t, r x ]/p(*). e ) 

p(t)eM°(F) p(i)GOT°(F) 

zs an isomorphism and the inverse map is given by 

LoiFfor^/pitU) - LAut°j- ib (F , e) 

(V, 0) (8) r (V, tr^ F [t,t-m P (t))/F °0,t)®r 

(3) T7ie map 

L (F,e) - L (F[M~V) 
(V,0)®r ^ ((V, 6) ® F F[t, i -1 ]) ® r 

an isomorphism. 

There exists a commuting diagram of exact sequences (Go = Go(F)) 
- ^(F^r 1 ]) - ^o(F(t)) - LAut° fib (F, — 1) - 

1 IlpeGo P 1 IlpeGo P I UpeGo P 

- ® P eaM^ rl \) - ©p e c ^o(Q(t)) - peGo LAnt%(Q,-l) - 

From propositions 13.11 and 13.31 it follows that the first vertical map is an injection. 
Once we show that the last vertical map is an injection as well it follows that the 
middle vertical map is an injection, this will prove theorem 13.21 

For p G irreducible we'll write F p := F[t, Note that there exists 

a canonical correspondence 

{{p,z)\p G G(F) and z G S 1 such that p(p)(z) = 0} «-> G(F P ) 



Pp. 
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since F/Q is Galois. Consider 

LAut%(F,e) ^ L o (F p ,e)-0 L (Q,e) 
P £Wf(F) P e °o peWh(F) z e S 1 \ {1} 

p(p)(z) = 

i rue p 

LAut° fib (Q,e) ^ peGo 2e51 \ { i} MQ, e) ^ Q 
peG 

where p P)Z and a P)Z denotes the composition of projection maps on the corresponding 
L (Q, e) summand and taking signatures. Note that p p ^ z is well-defined, since different 
p(t) : s have disjoint zero sets. Define p P:Z to be the zero map if z is not a root for any 
P(p(t)). 

Proposition 3.4. Letp G M (F). For (V, 6) 6 L (F P , e) we get a PiZ (V, 6) = p p , z (V, 6) 
for all p G Gq(F) and z G S 1 \ {1} snc/i t/iat p{p)(z) = 0. 

Corollary 3.5. The map 

J] p : LAut° fib (F, e) - Liu^Q.e) 

zs an injection. 

Note that this corollary concludes the proof of theorem 13.21 We'll first prove the 
corollary. 

Proof. The induced map 

J] tM P)Z :L (F p ,e)^ Q 

is an injection. From the proposition it also follows that the induced map 

II a PjZ :L (F pi e)^ Q 
P eG (F),zeS 1 \{i} peG (F)^eS' 1 

is an injection. Since different p's have disjoint sets of zeros it follows that 

II ®pi z ' L (F p ,e)^ Q 
P eG (F),zeS^\{i} P eW(F) peGoiF)^ 1 

is an injection as well. But this implies that the intermediate map 

J] p : LAut% h {F, e) -> LAut%(Q, e) 

p£G (F) peG (F) 

is inject ive. □ 
Now we'll prove proposition 13.41 
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Proof. Let p € 9Jt (-^)- Denote the zeros of p{p){t) by cti, . . . , a n . Pick a zero a of 
we can assume that a — a±. Denote the induced embedding F p — ■> Q by p a . 
Consider 

MQ,e) ^ LA^ 6 (Q,e) ^ LAut%(F, e) <- L (F p ,e) ^ L (Q,e) 
0i < — i Q©f {V,tr Fp/F o6,t) (V,tr Fp/F o6,t) ^ (V,9) h-> # r 

We have to show that sign(6>z) = sign(6> r ). Note that # r denotes the form 

(Vl ©F p ^1,^2 ©F p ^2) >~» Z!Pa(0(vi, V 2 ))z 2 

where F p acts on Q via p a . 

Now we have to understand Q\. In the following we'll view Q as an F-module via 
p. The form Q ® F (V, tr Fp / F o 6, i) is given by 

V© F Q x V© F Q tlFp/F ° d , Q <S> F F <S>f Q -> Q 

(l>l ©F ^1,^2 ©F ^2) !-> 2l ©F tT Fp / F (9(v 1 ,V 2 )) ©F ^2 >-> ^(t^/F^^l; V 2 )))z 2 

Denote by Q p the ring F p © F Q = Q[t, t~ 1 ]/ p(p(i)). It is easy to see that the map 

- tr F /F <g> F id 
Q P (t) = F p © F Q — ^ > F® F Q^Q 

coincides with trQ p /Q : Q p — > Q. Therefore the form Q <g> F (V, tr Fp / F o 9, t) is given by 

tr- - 

V©fQxV©fQ ^ Q p Q 

(f 1 ©F 2l, V 2 ©F ^2) l-> 0(t>l, V 2 ) ©F ^2 l-> trQ p/ Q(6 l (f 1, V 2 ) ©f ^1^2) 

We can write V ©f Q = Vi © • • • © V n where VJ := Ker{(t - a t ) : V ©f Q -> V ©f Q} 
since the minimal polynomial of t is = P3" =1 (t — Then 6>/ is given by restricting 
the above form to V\. 

We can decompose the Q[t] -module Q p = Q[t]/ p(p(t)) as follows 

n n 

Qp = Ker{(t - a t ) : Q p -> Q p } = 

i=i i=i 

where Qj := Ker{(t — ctj) : Q p — > Q p }. Note that dim^Q;) = I. Consider the map 
p ai '■ Qi — > Q given by 1— > p(a,). These maps define isomorphisms of Q-algebras. 
Then the trace function is given by 

(zi,...,z n ) ^ Er=i^(^) 

since tr^ = tr (0 n =i = £)!* =1 tr^/Q. The form © F Q : V ©f Q x V © F Q -> Q p 

tr - 

restricts to a form Vi x Vi — > Qi and is given by Vi x Vi — > Qi — > Q. 
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We can now compute Oi. Let Ejli v ij ®f z±j, Ef=i Vl1 ®f zu G V, then 

^(Ejll Vlj ©F Z!j, J2lLl Vll ©F Zil) = trQ p/ Q(J]jLl E/=l Q( V lj, V 2l) ©F Z lj Z 2 l) = 

= /^(EJli E£i P(^(«y , «a))«ij22i) = 

Consider the following sequence of canonical isomorphisms: 
V = Ker{(t - a) : V © F Q^V © F Q} S (V © F Q) ® m Q = V ® F[t] Q = V © Fp Q 
The resulting isomorphism is given by 

Vi = Ker{(t-a) : V© F Q^V© F Q} S V © Fp Q 

It now follows immediately that the forms 9i, 9 r are isomorphic. □ 
3.2. The group Lo(Q(t)). We need to quote one more fact. 

Proposition 3.6. [R98, p. 533] Let F be a field. The splitting LAut°f ib (F, — e) — > 
Lo(F(t),e) in the exact sequence 

-> L (F[M~V) -> L (F(t),e) -> LAut% b (F, -e) -> 

is given fry 

(V, 0, /) ^ (V © F F(t), ( v , «,) -> (1 - ^^(l - + e(l - t)0((l -/)"%, v)) 

Theorem 3.7. Let r G L (Q(t)), then 

r = G L (Q(t)) r(z) = G L (Q) for all transcendental z. 

Combining theorems 13.21 and 13.71 we now get a proof for theorem 11.11 

Proof. Proposition 13.31 part (1) and (3), shows that there exists an isomorphism 

L (Q) © LAut° fib (®, -1) - L (Q(t)) 

Let Z := S 1 \ {1} n Q, then M Q (Q) = {t - z\z G Z}. Using that L (Q) = Q via the 
signature and using part (2) of proposition 13.31 we get isomorphisms 

2e zQ ^ e^Lo^^r 1 ]/^-^),-!) ^ LAut%(Q,-l) 
{r z ) z ez >-> 0(Q[*,t _1 ]/(*-*),i)®r a ^ ©(Q,M)®r 2 

The isomorphisms above and proposition 13.61 show that in L (Q(t)) the form r is 
equivalent to 

s 

(Q(f), 1) © r © 0(Q(t), i(l - r 1 )(l - + 2(1 - f)(l - z,)- 1 ) © Tj 

3=1 

where Zj G S 1 \ = 1, . . . ,s are distinct and r , . . . ,r s G Q. Note that r = if 

and only if r = T\ = ■ ■ ■ = r s = 0. 
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We can assume that r; G N for all i, and hence restrict ourselves to forms in 
L (Q(t)). Then the matrix 

S 

A(t) := (1) <g> r © 0(i(l - r 1 )(l - ^O" 1 + i(l - t)(l - Zj)" 1 ) ® ^ 

represents r. The signature function 2; 1— > siga(A(z)) is locally constant, its only 
jumps are when det(A(t)) = 0, i.e. when 

(1 - r 1 )(l - Zj)" 1 + (1 — t)(l — z,-)- 1 = for some j 
i.e. when t = £ It is clear that sign(A(l)) = r and that the jump of the 
signature function at = \- — G S* 1 is 2r,-. The theorem follows now easily since the 
transcendental numbers in S 1 are dense. □ 

References 

[CG86] A. Casson, C. Gordon, Cobordism of classical knots, Progr. Math., 62, A la recherche de la 
topologie perdue, 181-199, Birkhauser Boston, Boston, MA (1986) 

[CF64] P. E.Conner, E. E. Floyd, Differentiable periodic maps, Ergebnisse der Mathematik und ihrer 
Grenzgebiete, N. F., Band 33, Springer- Verlag (1964) 

[F03] S. Friedl, Eta invariants as sliceness obstructions and their relation to Casson-Gordon invari- 
ants, Preprint (2003) 

[K65] M. Kervaire, On higher dimensional knots, 1965 Differential and Combinatorial Topology, 

Princeton Univ. Press, Princeton, N.J.: pp. 105-119 (1965) 
[L93] S. Lang, Algebra, third edition, Addison- Wesley (1993) 

[L69] J. Levine, Knot cobordism groups in codimension two, Commentarii Mathematici Helvetici 44: 
229-244 (1969) 

[L84] R. Litherland, Cobordism of satellite knots, Contemp. Math. 35, Amer. Math. Soc, Provi- 
dence, RI: 327-362 (1984) 

[R98] A. Ranicki, High- dimensional knot theory, Springer Monographs in Mathematics, Springcr- 
Verlag, New York (1998) 



